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MINIMAL F-CRYSTALS AND ISOMORPHISM NUMBERS OF 
ISOSIMPLE F-CRYSTALS 

XIAO XIAO 


Abstract. In this paper we generalize minimal p-divisible groups defined by 
Oort to minimal F-crystals over algebraically closed fields of positive character¬ 
istic. We prove a structural theorem of minimal i^-crystals and give an explicit 
formula of the Frobenius endomorphism of the basic minimal F’-crystals that 
are the building blocks of the general minimal F’-crystals. We then use mini¬ 
mal F’-crystals to generalize minimal heights of p-divisible groups and give an 
upper bound of the isomorphism numbers of F’-crystals, whose isogeny type 
are determined by simple F’-isocrystals, in terms of their ranks, Hodge slopes 
and Newton slopes. 


1. Introduction 

Let p be a rational prime number and k an algebraically closed field of char¬ 
acteristic p. For each Newton polygon v of slopes in the interval [0,1], Oort [7] 
explicitly constructs a p-divisible group H{v) of Newton polygon v over k satisfy¬ 
ing the following property: for any p-divisible group D over fc, if D[p\ = H{v)[p\, 
then D = H(y). A p-divisible group X over k with Newton polygon u is called 
minimal if A = H{v). For every p-divisible group D over fc, there exists a unique 
minimal p-divisible group up to isomorphism that is isogenous to D. A p-divisible 
group D is minimal if and only if its endomorphism Zp-algebra End(F) is the 
maximal order in its endomorphism Qp-algebra End(F) (gj'Zp Qp- 

Loosely speaking, minimal p-divisible groups are p-divisible groups whose isomor¬ 
phism types are determined by their p-kernels. In order to generalize this concept 
to F-crystals, we first use the (contravariant) Dieudonne module theory and call 
a Dieudonne module over k minimal if its corresponding p-divisible group is mini¬ 
mal. Put it in another way, the isomorphism class of a minimal Dieudonne module 
M should be determined by M modulo p. The precise meaning of an arbitrary 
F-crystal M modulo p or more generally modulo p" for any integer n > 1 can be 
defined using its isomorphism number. 

To recall the definition of the isomorphism number of an F-crystal, we fix some 
notations. Let W{k) be the ring ofp-typical Witt vectors with coefficients in k. Let 
B{k) = W{k)\\/p\ be its field of fractions. Let a be the Frobenius automorphism of 
W{k) and B{k). An F-crystal over fc is a pair M = (M, p) where M is a free W{k)- 
module of finite rank and p : M —>■ M is a cr-linear monomorphism. We denote 
the F-isocrystal (M ®w(k) B{k),p®w(k) by M[l/p] = {M[l/p\,p[l/p]), and call 
M isosimple if M[l/p] is simple. Unless mentioned otherwise, all F-crystals and 
F-isocrystals in this paper are over k. The isomorphism number njvt of an F-crystal 
M = {M,p) is the smallest non-negative integer such that for every IU(fc)-linear 
automorphism g ot M with the property that g = idM modulo , the F-crystal 
(M, gp) is isomorphic to M. 
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The isomorphism number of an i^-crystal over k is finite by the work of Vasin 
O Main Theorem A]. We say that the isomorphism type of an F-crystal (or a 
Dieudonne module particularly) M over k is determined by M modulo p” if nj^ < n. 
Using the Dieudonne module theory to go back to the category of p-divisible groups 
over k, we know that the isomorphism type of the Dieudonne module DJd(D) of a p- 
divisible group D is determined by 'DM(D) modulo p" if and only if the isomorphism 
type of D is determined by its p"-kernel D[p'^]. 

Definition 1.1. An A-crystal M over k is said to be minimal if its isomorphism 
number um. < 1- 

It is clear from the definition of minimal U-crystals that for every A-crystal M' 
isomorphic to a minimal A-crystal M = (M, p) modulo p, meaning that JA' = 
{M,gp) for some g G GljM{W{k)) with g = 'vIm modulo p, we have that M' is 
isomorphic to M. The first main result of this paper is a structural theorem of 
minimal F-crystals which is proved at the end of Section [31 

Theorem 1.2. For each Newton polygon v, there exists a unique minimal F-crystal 
M(;/) (up to isomorphism) of Newton polygon v. Moreover, if K is the finite set of 
distinct Newton slopes of JA{iy) and for each A G A, m\ G Z>o is the multiplicity 
of X, then we have a finite direct sum decomposition 

M(i2) = 0Mr 

AeA 

where Ma = {Mx,ip\) are the unique (up to isomorphism) isosimple minimal F- 
crystals of Newton slope X. 

Furthermore, for each direct summand Ma, if rank{M\) = r, then there exists 
a W{k)-basis {vi,V 2 , ...,Vr} of M\ such that p\{vi) = pL*'^J“L(*-i)Au._|_^ fgr all 
1 < i < r — 1 and ip\{vr) = 

The structure of a minimal A-crystal and a minimal Dieudonne module of a 
minimal p-divisible group over k is very similar in the following sense. First, they 
can be decomposed into a finite direct sum of isosimple minimal ones. Second, if 
the Newton slope A G [0,1), then the isosimple minimal F-crystal Ma is exactly 
the isosimple minimal Dieudonne module corresponding to the minimal p-divisible 
group of Newton slope A ; if A > 1, then the isosimple minimal F-crystal Ma is iso¬ 
morphic to (M,pL'*'! (pA- [AJ) where (M, px- [aj ) is the isosimple minimal Dieudonne 
module of Newton slope A — [AJ G [0,1). 

We will prove that an F-crystal M is minimal if and only if its endomor¬ 
phism Zp-algebra End(M) is the maximal order in the endomorphism Qp-algebra 
End(M[l/p]) = End(M)[l/p]; see Proposition |3JH1 This generalizes the same prop¬ 
erty held for minimal p-divisible groups [7l Section 1.1] and thus gives another 
evidence that our definition of minimal F-crystals is the right generalization of 
minimal p-divisible groups. 

In Vasiu gives a different definition of minimal p-divisible group by using 
some technical conditions on permutations. It turns out that Vasiu’s definition 
coincides with Oort’s definition due to m Theorem 1.6]. In this paper, we also 
prove that our dehnition of minimal F-crystals satishes the same technical condition 
as the one in Vasiu’s dehnition; see Proposition [321 

If M = (M, p) is a Dieudonne module, by hxing a IU(A:)-basis of M, 

there exists an element b G GLr(IU(/c)) such that ip = ba where cr is the cr-linear 
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automorphism of M defined by a(vi) = Vi for all 1 < f < r. In |12j . Viehmann 
constructed for each b G GLr(i?(fc)), a unique minimal element WbTfif^ in the a- 
conjugacy class [6] = {g~^h(j{g) \ g € GLr{B{k))} that defines the so-called minimal 
truncation type {w, g) of [6]; see [T^ Definition 10] for their precise definitions. The 
cr-conjugacy class [6] represents the isogeny class of M and the minimal truncation 
type of each [6] defines the minimal Dieudonne module within that isogeny class. 
Viehmann proved that b is GLj.(IV(fc))-(T-conjugate to the minimal element 
namely, there exists a g G GLr(IV(A:)) such that g~^bag = WbT^^, if and only if 
M is an minimal Dieudonne module. This result can be generalized to minimal 
i^-crystals immediately. 

In the second part of this paper, we will use minimal T’-crystals to study isomor¬ 
phism numbers of isosimple i^-crystals. Isomorphism numbers of general i^-crystals 
are not easily computable based on their very definition. Therefore we would like to 
give (optimal) upper bounds of them in terms of other basic invariants of T'-crystals 
such as ranks, Hodge slopes and Newton slopes. Optimal upper bounds of general 
T'-crystals are not known but some results in certain special cases have been found. 
For example, Lau, Nicole and Vasin [6] proved that if M is a Dieudonne module 
with dimension d and codimension c, then njvt < [2cd/(c-l-d)J and the inequality is 
optimal in the sense that there exists an isoclinic Dieudonne module M such that 
riM = [2cci/(c-I- (i)J. In the case of isoclinic F"-crystals, upper bounds that are 
optimal in many cases but not in general have also been found in m- 

For every F-crystal M, let M' be the unique minimal F-crystal isogenous to M. 
We define the minimal height qj^ to be the smallest non-negative integer so that 
there exists an isogeny M' ^ M whose cokernel is annihilated by . This is the 
generalization of minimal heights of p-divisible groups defined in |^ . It turns out 
that um < 2(7]vt -I- 1 just as in the case of p-divisible groups; see Gorollarv 15.31 By 
using the theory of minimal F"-crystals developed in the first part of the paper, we 
are able to find an upper bound of qj^ and thus an upper bound um in the case of 
isosimple F-crystals. 


Theorem 1.3. Let M be an isosimple F-crystal with Newton slope sjr in reduced 
form and e its maximal Hodge slope. We have the following upper bound of the 
isomorphism number of JA: 


n-M < 2max{ 


(r 



} + l- 


The proof of Theorem ll.3l is in Section [6] and it mainly relies on the search of an 
upper bound of the p-exponent of M; see Section |4] for the definition. It ultimately 
comes down to finding a closed formula of the Frobenius number of three natural 
numbers s, re — s and r. In general, there is no closed formula for the Frobenius 
number of three or more natural numbers but our situation is a special case so that 
we can use a result of Brauer and Shockley (Theorem 16.41) to get a closed formula 
of the Frobenius number of s, re — s and r. As a result, we are able to find an 
upper bound of the p-exponent of M and hence the isomorphism number. 

Gompared to the upper bound provided in m Theorem 1.2] which works for 
all isoclinic A-crystals, the upper bound provided by Theorem 11.31 applies only to 
isosimple A-crystals. Although somewhat limited in generality. Theorem 11.31 does 
provide a sharper upper bound than the one in m Theorem 1.2] in some cases 
and it can also provides optimal upper bounds as well; see Examples 16.61 and 16.81 
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On the other hand, the upper bound provided in m Theorem 1.2] can be slightly 
better than the one in Theorem fOl in some other cases; see Example 16.71 

2. Level torsion 

The level torsion of a non-ordinary E-crystal is equal to its isomorphism number 
by [141 Theorem 1.2], hence it can be used to compute the isomorphism number of 
an E-crystal. We would like to mention that Nie also proved this result in [?] but 
his definition of E-crystal is over the ring of formal Laurent series fc[[t]] instead of 
W(k). In this section, we briefly recall this notion and present some of its properties 
that will be useful to study minimal E-crystals. We refer to [TT], [^, and [Tl] for 
detail expositions. 

Let M = {M,ip) be an E-crystal and E = End(M) be the set of all W{k)- 
linear endomorphisms of M. Therefore E[l/p] is the set all lT(fc)-automorphisms 
of M[l/p]. We have a latticed E-isocrystal {E.tp) where ip : E[l/p] —>• E[l/p] is a 
(T-linear isomorphism defined by the rule p{h) = iphp~^. Here we use p to denote 
the (T-linear endomorphism of M, or the (j-linear automorphism of M[l/p], or the 
(T-linear automorphism of E[l/p\ by abuse of notation. By Dieudonne-Manin’s 
classification of E-isocrystals, there is a finite direct sum decomposition of M[l/p] 
into simple E-isocrystals and thus we get a direct sum decomposition 

E[l/p]'^L+ ®L-, 

where E+ has positive Newton slopes, E° has zero Newton slopes, and L~ has 
negative Newton slopes. Let 

0+CEnE+, 0°cEnE°, Q-CEHL- 

be the maximal W(/c)-submodules such that 

p{o+)co+, p{o°) = o°, p-\o-)co-. 

Write O := 0+ © © 0~; it is a lattice of E[l/p] inside E, which will be called 

the level module of M. The level torsion of M is the smallest non-negative integer 
such that 

pijAE c O C E. 

We can compute the level torsion of isoclinic E-crystals in the following way. For 
each integer <; > 0, let a-M{q) > 0 be the largest integer such that C 

and let /3 m(q) > 0 be the smallest integer such that C Set 

(5m(i?) := /3m( 9) — aM( 9 ) > 0. It is not hard to show that for any integer (j > 0, we 
have Q!m( 9 ) = if and only if /3 m(9) = 9 ^. Thus either Q!m( 9 ) = ,dM( 9 ) = 9 A or 
q\ e (Q(M(g),/ 3 M( 9 ))- 

Lemma 2.1. Let M he an isoclinic F-crystal. Then £m = max {dM(9) | q G Z>o}. 

Proof. This is a generalization of m Proposition 4.3(a)] and can be proved in the 
same way. □ 

Let M = ©jgjMj be a finite direct sum of isoclinic E-crystal Mj = {Mj, pj) with 
Newton slopes Aj. We can define (p : Homi4/(fc)(MjJl/p], Mj2[l/p]) Hom^y(fc)(Mj Jl/p],Mj2[l/p]) 

by the formula p{h) = pj^hpj^ where h : MjJl/p] —>• Mj^ll/p]. For each pair 
(JI1J2) & J X J with Aj^ < Aj2, we define to be the smallest integer such 

that for all 9 > 0 , we have C Homv^(fe)(Mjj,Mj2). 

It is not hard to show that i{j,j) = iivij- 
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Lemma 2.2. // M = ©jgjMj is a finite direct sum of at least two isoclinic F- 
crystal as above, then we have the following equality 

= max{(.{ji,j 2 ) \ G J x J,\j^ < 

and a basic estimate of the isomorphism number: 

njvi < ~ ^ I G J,ji ^ j2}- 

Proof. This is a generalization of m Scholium 3.5.1] and [TTl Proposition 1.4.3]. 
It can be proved in the same way. □ 

3. Minimal F-crystals 

In this section, we will generalize the concept of minimal p-divisible groups to 
minimal F-crystals. Unlike the definition of minimal p-divisible groups, which is 
given by an explicit construction in [7] or El, our definition of minimal F-crystals 
simply requires that the isomorphism numbers are less than or equal to 1. After 
examining some basic properties of minimal F-crystals, we show that our definition 
of minimal F-crystals is the right generalization of minimal p-divisible groups. 

Let M be a free lU(fc)-module of rank r. For each pair T = (23, 17 ) where 
23 = {vi,V 2 , ■ ■ ■ ,Vr} is a lF(fc)-basis of M and 77 = (ei, 62 ,..., ej.) is a sequence 
of r non-negative integers, we construct an F-crystal M(‘J) = (M, Lp<j) by defining 
7 ?a'(P 2 ) = ■ ■ ■ ,P 7 ivr) = p^^^vi- To ease notation, we adopt 

the convention that Vmr+i '■= Vi for all m G Z. As a result, we can rewrite the 
definition of (p-j as p 7 {vi) = p^'Vi+i for all 1 < i < r. Clearly ei, 62 ,..., e,- are 
the Hodge slopes of M(T) and A(T) := o*/’’ is the Newton slope of M(T). 

Moreover, if 0 < < 1 for all 1 < j < r, then the F-crystal M(T) is called a cyclic 

Dieudonne-Fontaine p-divisible object in [3 Definition 2.2.2(a)]. 

Let (Mq, <po) bo a Dieudonne module with Hodge slopes ei, 62 ,..., e^.. Using [101 
1.4 Basic Theorem C (a)] in our context by letting G = GLmo , we know that for any 
go G GLMo{W{k)), there exists an element g G GLMo{W{k)) with the property that 
g = idMo modulo p, a VF(fc)-basis 23o = {vi,V 2 , ■ ■ ■ ,Vr} of Mq, and a permutation 
TT on the set I = {1,2,...,r} that defines a lF(fc)-linear monomorphism : Mq —>• 
Mq with the property that gT^(vi) = for all i G / such that (Mo, goPo) is 

isomorphic to (Mo, ggTvPo)- The same result is also true for F-crystals. 

Theorem 3.1. For any F-crystal M = (M,p) with Hodge slopes ei, 62 ,..., 
there exist an element g G GLM(W(k)) with the property that g = idM modulo 
p, an W(k)-basis 23 = {vi,V 2 , ■ ■ ■ ,Vr} of M, and a permutation tt on the set I = 
{1, 2,..., r} that defines a a-linear monomorphism : M ^ M with the property 
that pTr(vi) = for all i G I such that M is isomorphic to (M, 

Proof. This theorem is a direct consequence of (TOl 1.8 Generalizations]. We give a 
detailed proof here using a result of [12] for the sake of completion. 

Let 23i = (iti, U 2 ,... ,Ur} and 232 = {'Wi,W 2 , ..., 11 ;^} be two lU(A:)-bases of M 
such that p(ui) = p^'Wi for all i G I. Let go : M ^ M he the VF(fc)-linear 
automorphism such that go(ui) = Wi for all i G /, i?,,, : M M be the lF(fc)-linear 
monomorphism such that g,p(ui) = p^'Ui for all i G I, and cr : M —>■ M be the 
cr-linear automorphism such that a(ui) = ut for all i G / . Hence p = gogtpcr = ba 
where b := G GLm(H(/c)). 

Let T be the maximal split torus of GLm that normalizes the Zp-span of 23i. 
Let N be the normalizer of T in GLm and W = N/T he the Weyl group of GLm. 
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Hence g^p G T[B(k)) and it is equal to g,(jp) where fi : Gm T is the cocharacter 
which acts on each span of Ui via the Ci-th power of the identity character. 

By [T^ Theorem 1 (1)], there exists an element w gW (here our w is the equal 
to wwoWo,p in the sense of m) and a representative £ N{W{k)) such that the 
GLM(hT(fc))-CT-conjugacy class of 6 G GLM{B{k)) contains an element of the form 
9 i 9 wgipg 2 where 91,92 G Ker(GLM(lT(fc)) —>■ GLm(A:)). Therefore there exists an 
element g G GLM(lT(fc)) such that 

{M,ip) = {M,ba) = {M,g~^ba{g)a) = {M, gig^gpg 2 a). 

Furthermore, we have 

{M,gig^gp,g2<j) = {M, gig^gpaa~^ {g2)) = {M,a{g2^)gigy,gpa) = {M,gg^gpa), 

where g := cr{g 2 ^)gi G Ker(GLM(lT(A:)) —)> GLM(fc)), that is, g = id^ modulo p. 

Let TT be a permutation on I such that gw{{ui)w(k)) = {u-n-{i))wik) for all i G I. 
We can find units xi,X 2 , ■ ■ ■ ,Xr G W{k) such that Vi := XiUi and gw{vi) = v-Kii) 
for all i G / because k is algebraically closed. Let (p-jr ■= gwg^o’, we know that 
ifTT is the (T-linear monomorphism such that p-nivi) = for all i G I. Hence 

{M,p) = {M,gpTr) is in the desired form and this completes the proof of the 
theorem. □ 

We now assume that M is minimal. Then M = (M, gp-rr) is isomorphic to (M, 
as g = idM modulo p. As the permutation tt = Ojej ’’’t oan be decomposed 
into product of disjoint cycles Tij, we get that the F"-crystal M is isomorphic to 
(Bjej{Mj,pTr.) where the rank of Mj is equal to the length of the cycle tt^-. For 
each j G J, there exists a pair T^- = such that {Mj,pT^.) is isomorphic 

to Mj(Tj). If Mj(Tj) is ordinary, then riM-cr ) < 1; see [CT Proposition 2.9 and 
Gorollary 2.11]. If Mj(Tj) is non-ordinary, we have by Lemma[2T2l As 

and by [HI Theorem 1.2], we have < um < 1 

. Thus each direct summand Mj(Tj) of M is also minimal. 

We now give a concrete description of minimal F-crystals of the form M(T). 

Proposition 3.2. Let 7 = (23, 77 ) be a pair, where 23 = {vi,V 2 , ■ ■ ■ ,Vr} is a W{k)- 
basis of M and rj = (ei, 62 ,..., e^) is a sequence of nonnegative integers. Set 
^('^) ■= F-crystal !M(T) = {M,p^) is minimal if and only if p-j 

satisfies the following condition: 

n 

for all l<i,q<r, we have (p^(ui) = where € 5 ( 1 ) G {0,1}. 

Proof. Suppose that !M(T) satisfies the condition (*), then for all 1 < g < r. 

Thus dM(T)( 9 ) < 1 for all 9 > 1. By Lemma I^Tl we know that £m( 7 ) < 1. If M(T) 
is ordinary, then < 1; if M(T) is non-ordinary, then = £^.{ 7 ) "S 1- 

Thus M(T) is minimal. 

Suppose now that M(T) is minimal. If M(T) is ordinary, then there exists a 
lF(A:)-basis of M such that p-j{wi) = p^'Wi for all 1 < i < r. One can 

compute that in this case the level module O = E. Thus £m. = 0. If M(T) is non¬ 
ordinary, then iM( 7 ) = < 1- As M(T) is isoclinic, we know that i5m('J)('z) < 1 

for all g > 1. There are two cases to be considered depending on i5m('J)( 9) being 0 
or 1 : 
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Case (1): If i5m(t)(<?) = 0, that is, aM(T)(g) = /3M(T)(g), then they both equal 
to qX{‘J). Thus which clearly satisfies condition (*). 

Case (2): If i5MCJ)(g) = 1, that is, aM(T)(g) + 1 = /3 mcj)(<?), then qA(T) e 
(aM(T)(g),/3M(T)(9))- Hence aM(T)(<3') = and /3 m(t)('7) = + 1- 

Again the condition (*) holds in this case. □ 

We can further decompose isoclinic minimal T'-crystals into isosimple minimal 
F-crystals. 

Proposition 3.3. Every isoclinic minimal F-crystal is a direct sum of isosimple 
minimal F-crystals. 

Proof. Let M be an isoclinic minimal P-crystal. By the argument before Propo¬ 
sition [321 we can assume that M = M(T) for some pair T = where 23 = 

{vi,V 2 , • ■ •, Vr} and p = (ei, 62 ,..., Cr). Consider the Newton slope A(T) = 6 */''’ 

s/r' where (s, r') = I. Let n = rjr'. To ease notation, we adopt the convention 
that the index i in Ci and tq{i) are taken modulo r. 

We first show that the r-tuple (ei, 62 ,..., Cr) is r'-periodic, that is, Ci = Ci+r' for 
all I < i < r. For each I < i < r, let By Proposition l3.21 we know 

that = [r'A(T)J -|- er>{i) = s -I- er>{i). As d, = r'J2i=i ei = r'rA(T) = rs, 
we get that Cr'ii) = 0 for all 1 < i < r, that is, di = d 2 = • • • = dr. This implies 
that Ci = Ci+r' for all 1 < i < r. 

To show that {M, p'j) can be decomposed into a direct sum of isosimple minimal 
F-crystals, we first observe that for any x G IF(Fpr) \ pIF(Fpr), the following set 

n—1 

§(a;) = {zj{x) := ^ a" +^~'^{x)vir'+j | j = I, 2,..., r'} 

i=0 

of the elements of M satishes the following two properties: 

(1) the set §(a;) is linearly independent over IF(fc); 

(2) for 1 < j < r', ip{zj{x)) = p'^^Zj+i{x) and thus {zj{x)) =p^Zj{x). 
Therefore the set §(a;) generates an isosimple F-crystal Ms (a,) of slope s/r'. 

We now show that there exist Xi,X 2 , ■ ■. ,Xn G IF(Fpr) \ pWiWpv) such that the 
set {zj{xi)}tFi will generate IF(A:)-submodules of M that are also direct summand 
of M for all 1 < j < r'. 

To see that we can find such Xi,X 2 ,... ,Xm it is enough to show that the deter¬ 
minant 


/ Xi 

cr’'' (xi) 

cr^’''(xi) • 

• cr(’’-l)’''(xi)\ 

X2 

cr’'' (X 2 ) 

cr^’''(x2) • 

• cr(’’-l)’''(x2) 

\Xn' 

cr’'' (x„) 

cr2’''(x„) • 

■ rT(’’-l)’''(x„)/ 


is invertible in W{k). Let yi be the image of Xi under the projection map IF(Fpr) —)• 


Fpr. It suffices to show that the determinant 





(m 


2/1 

v\ 



det 

2/2 

y{ 

2/2 

2/2 


^0 



! 






\yn 

vl 

yl ••• 

vl 

/ 
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in Fpr-. The determinant is non-zero if and only if yi, 1 / 2 , • • •, J/n' S Fpr are lin¬ 
early independent over F^r' (see O Lemma 1.3.3]). We can make such choices as 
dimr (Fpr) = n (but the choices are not natural). Hence the set IJiLi is a 
lT(fc)-basis of M and each subset S{xi) generates an isosimple F-crystal Ms(a;i) of 
slope s/r' that is also a direct summand of M. Therefore M(T) is a direct sum of 
isosimple F-crystals Ms(a;j. By Lemma [121 each direct summand Ms(a;i) is 
minimal as well. □ 

Given a non-negative rational number A = s/r in reduced form, we can construct 
an f-crystal {M\, i^Tx) with Newton slope A in the following way. Let M\ be a free 
W(fc)-module of rank r and Ta = (25, r]x) where 23 = {vi,V 2 , ■ ■ ■, Vr} is a W(fc)-basis 
of M and ryA = (L-^J, L2AJ - [AJ,..., L^-AJ - [(r- 1 )AJ). 

Proposition 3.4. The F-crystal {M\, constructed above is an isosimple min¬ 

imal F-crystal of Newton slope A. 

Proof As ELidiAJ - [(* - 1)AJ) =rX = s, the F-isocrystal (Ma[1/_p],v?Tx[1/p]) 
is simple with Newton slope A. Hence it suffices to show that it is minimal. 

By Proposition 13.21 we have to show that for all 1 < i,q < r, = 

pl‘i^i+'^i(^')vi+q where eg(i) G {0,1}. If i -f g < r, then 

li i + q > r, then 

Thus eq{i) = [(z — 1)A -I- gAJ — [(z — 1)AJ — [gAJ G {0,1} in both cases. □ 

Proposition 3.5. For every rational number X > 0, there exists a unique isosimple 
minimal F-crystal of Newton slope X up to isomorphism. 

Proof. For every rational number A > 0, the P-crystal is minimal of 

Newton slope A by Proposition [221 Hence it suffices to prove the uniqueness. 

Let T = (23,ry) where 23 = {wi,W 2 ^. ■. ,Wr} is a kF(fc)-basis of M and ry = 
(ei, 62 ,..., Ci-). Suppose that ^[(11) = {M,(p‘j) is an isosimple minimal F-crystal 
with Newton slope A = s/r in reduced form. 

By Proposition 13.21 for each 1 < z < r, we know that is equal to [AJ or [A]. 
If s = [AJr -I- s' where 0 < s' < r, then we have (r — s')[AJ -I- s'[A] = s. We have 
(M, (^t) = (A/,pW(/JT') where T' = (®, 7 y'), zy' = (ei - [AJ, 62 - [AJ,..., e,- - [AJ). 
It is clear that is an isosimple minimal Dieudonne module. Thus we can 

assume that (M, (p‘j) is a minimal Dieudonne module of a minimal p-divisible group 
to begin with. 

By m 1-6 Main Theorem B], a p-divisible group D is minimal if and only 
no < 1. Hence for each minimal Dieudonne module {M,(p'j) of a minimal p- 
divisible group with Newton polygon i/, we know that (M, ip-j) is isomorphic to the 
minimal Dieudonne module of the minimal p-divisible group This shows that 

minimal p-divisible groups exist uniquely within each isogeny class. Thus minimal 
F-crystals exist uniquely within each isogeny class. We complete the proof of the 
lemma. □ 

Proposition 3.6. //Mi and M 2 are two minimal F-crystals over k, t/zenMi©M 2 
is also minimal. 
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Proof. By Proposition l3.31 both Mi and M 2 are direct sums of isoclinic minimal F- 
crystals. Based on this, the proposition follows from Definition 11.11 and the Lemma 

o □ 

We give another description of isosimple minimal P’-crystals which will be useful 
in the next section. Let A = s/r be in the reduced form. There exist m € Z, n G Z>o 
such that mr — ns = 1. Let Kx be the associative i?(Fpr)-algebra with identity 
generated by ^ such that = p and xf, = £,a~'^{x) for every x G B(Fpr). The 
definition of Kx is independent of the choices of m and n. Note that Kx = Kx+i for 
alH G Z as associative i?(Fpr)-algebras. It is well-known that Kx is a central simple 
division algebra over Qp. For G Kx^B(¥j,r)B{k), define p{£f®x) = ^*+®(g)tT(a:) 
and thus {Kx B{k),(p) is an F-isocrystal. It is not hard to show that 

[Kx ®B(Fj,r) B{k), (fi) is isomorphic to the simple F'-isocrystal Na of Newton slope 
A and that all of its endomorphisms are the left multiplication by elements of Kx- 
Similarly, let Lx be the associative W(Fpr )-algebra with identity generated by ^ 
with =p and xS, = ^cr“"(a;) for any x G IT(Fpr). Then Ma := Lx®w(¥pT)W{k) is 
an F’-crystal of rank r, where the Frobenius endomorphism is defined by p{ff(i)x) = 
(g) a{x) for any ® x G Ma. It is clear that Ma is isosimple with Newton 
slope A. As Ma[I/p] = [Kx ®_B(Fpr) B{k),(p), every endomorphism of Ma is a left 
multiplication by some element of Lx- Hence Lx is the endomorphism Zp-algebra 
of Ma. 

Proposition 3.7. The F-crystal Ma is isosimple minimal. 

Proof. By Proposition l3.21 it suffices to check that for any G Ma, 0 < i < r—1, 
and any q G Z>o, 

<^«(r®I) where e,(z) G {0,1}. 

This is equivalent to check that [(*-l-gs)/rJ — [qs/r\ G {0,1}, which is obvious. □ 

Proposition 3.8. An F-crystal M is minimal if and only if its endomorphism 1p- 
algebra End(M) is a maximal order of its endomorphism Qp-algebra End(M[I/p]). 

Proof. Suppose M is minimal, then it can be decomposed into a finite direct sum 
of isoclinic minimal F-crystals ©ig/M™‘ where Ma^ are the isosimple minimal F- 
crystals of Newton slope \i and are the multiplicities. Hence End(M) is a prod¬ 
uct of matrix rings MmiiLx). Similarly the endomorphism Qp-algebra End(M[l/p]) 
is a product of matrix algebras Mmi{Kx). As Lx is the maximal order of Kx, we 
know that each M^iiLx) is a maximal order of M^iiKx) by (HJ Theorem 8.7]. 

Suppose now End(M) is a maximal order of End(M[l/p]). As End(M[l/p]) is a 
product of matrix algebras Mmi{Kx), we know that End(M) is a product of matrix 
rings Mmi{Lx). There exist finite direct sum decomposition of M[I/p] = ©ig/M 
and M = ©jg/M^ so that Mi[l/p] = N^, End(Mi) = Lx and End(Ni[l/p]) = Kx- 
Hence we can assume that End(M[I/p]) = Kx and End(M) = Lx to begin with. 
We use the same representation of Lx as above. Write A = s/r in reduced form. 
Let M = {x G M \ if'" (x) = p^x} and Nx = {x G Nx \ p^{x) = p^x} where 
Nx = M[l/p\. Clearly M = Nx Cl M. For any x G M, x G M ii and only if 
^{x) G M as ^ is injective. Therefore M f,{M). Let a G M \ f{M). Then 
a, ^(q;), ..., is a basis of M over W{k). As M/pM = M/f/'{M) is a r- 

dimensional vector space over H(Fpr) and M/f{M) = ff {M)/{M) for i > 1, 
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we know that has dimension one. Thus there exists a S Z and 

e £ Vk(Fpr-)^ such that ip{x) = e^°‘{x). As (p^{x) = p^x, we get that a = s and the 
norm 7VvK(]fpr)/Zp(e) = 1- By Hilbert’s 90, we can replace x with x' by a unit of 
W{¥pr) SO that (p{x') = One can show that the map a;' i-)- ^ O 1 defines an 

isomorphism between M and Ma- D 

Proposition 13.81 shows that our definition of minimal A-crystals is the right gen¬ 
eralization of minimal p-divisible groups; see [7l Section 1.1]. 

Proof of Theorem \l.Si By the paragraph before Proposition 13.21 and Proposition 
13.31 there is a finite direct sum decomposition of M(i^) into isosimple minimal F- 
crystals {M\, ) constructed before Proposition 13.41 Because isosimple minimal 

A-crystals are unique up to isomorphism by Proposition 13.51 we see that Ma is 
isomorphic to The uniqueness up to isomorphism of Ma within each 

isogeny class also follows from Proposition 13.51 □ 

4. Valuations on F-crystals 

In this section, we briefly recall some basic theory of valuations on F-crystals 
following [^. Then we use it to give another equivalent description of minimal 
F-crystals. 

Definition 4.1. A valuation on a lV(fc)-module M is a set function w : M ^ 
K U {oo} such that the following two properties hold: 

(1) w{ax) = ordp(a) -I- w{x) for all a £W{k) and x £ M; 

(2) w{x + y) > min{?ii{a;), w(y)} for all x,y £ M. 

As w(0) = w{p ■ 0) = ordp(p) -I- w(0) = 1-1- w{0), we have w{0) = oo. Similarly, 
if X G M is a torsion element we have w{x) = oo. This means that w factors 
through M/Mtor where Mtor is the torsion submodule of M. A valuation is called 
non-degenerate if w{x) = oo implies that x = 0. It is called non-trivial if w{x) oo 
for some x £ M. It is easy to see that a valuation on a W (fc)-module M extends 
uniquely to the i?(fc)-vector space M[l/p]. 

Definition 4.2. An F-valuation of slope A € R on an F-crystal (M, p) is a valu¬ 
ation w on M such that w{p{x)) = w{x) -f A for all x € M. It clearly extends to 
the F-isocrystal {M[l/p\,p\l/p]). 

Let B{k){T,T~^'\ be the noncommutative Laurent polynomial ring and let D = 
B(k){T,T~^}/1 where I is the two-sided ideal generated by all elements of the 
form Ta — a{a)T for all a £ B{k). For any ^ following rule 

UiT^) = min{ordp(ai) i\ \ i £ 1} 

i£L 

defines an F-valuation of slope A on D. Each F-isocrystal is a D-module where T 
acts as the Frobenius automorphism. 

Proposition 4.3. Let iNf be an F-isocrystal. There exists a non-degenerate F- 
valuation of slope X on 'IN if and only ifN is isoclinic of slope A. If Ft is simple of 
slope A, then any two non-trivial F-valuations of slope X on differ by a constant. 

Proof. See |6l Lemma 5.3]. □ 
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Proposition 4.4. Let M be an F-crystal. Let W be the set of all F-valuations w 
of slope X on M[l/p] such that w{x) > 0 for all x G M. Then W has a minimal 
element wq, that is wo(x) < w(x) for all x S M[l/p\ and for all w G W. The 
valuation wq is non-degenerate if and only i/M is isoclinic of slope A. 

Proof. See [6l Lemma 5.4]. □ 

For any F-valuation w of slope A defined on an F-isocrystal {N, (p), and for each 
real number a, we denote 

j\j-w>a _ g jy I > a} and = {x G | w{x) > a}. 

Theorem 4.5. Let M be an isoclinic F-crystal of Newton slope A. Then the fol¬ 
lowing three statements are equivalent. 

(a) The F-crystal M is minimal. 

(b) For any $ G ID such that w\{^) > 0, we have ^(M) C M. 

(c) For some F-valuation w on M[l/p] of slope X, we have M = M[l/p]™-°. 

Theorem l4.5l is the generalization of [S] Proposition 5.17] to F-crystals. We hrst 
prove a lemma. 

Lemma 4.6. //M is isosimple, then statements (a) and (c) in Theorem \4.5\ are 
equivalent. 

Proof. Let w be an F-valuation of slope A on M[l/p]. For / G End(M[l/p]), define 
an F-valuation w' of slope A on M[l/p] by w'{x) = w{fx). By ProDOsition l4.31 there 
exists v{f) G RU {oo} such that w{fx) = w{x) -\-v{f) for all x G M[l/p]. Then v is 
the unique valuation on End(M[l/p]) that extends the p-adic valuation on Qp. The 
maximal order of End(M[l/p]) is End(M[l/p])o = {/ G End(M[l/p]) | v{f) > 0}. 

Suppose M = M[l/p]“’-° for some F-valuation w of slope A, then End(M) 
consists of those endomorphisms / such that v{f) > 0. Suppose that there exists 
/ G End(M) such that v{f) < 0, then there exists x G M with w{x) = 0 so that 
w{f{x)) = w{x) -\- v{f) = v{f) < 0. Thus f{x) ^ M and / ^ End(M). Therefore 
End(M) is exactly the maximal order of End(M[l/p]). By Proposition l3.81 we know 
that M is minimal. 

Suppose M is minimal of rank r. Let A = s/r be in reduced form and let a G Z>o 
and 5 G Z be two integers such that as -|- 6r = 1. We can choose an F-valuation w 
of slope A on M[l/p] such that Z C u;(M[l/p]). For any n G Z, let a; G M[l/p] be 
such that w{x) = bn. Then the F-valuation of is n/r as follows: 

w{ip^°'{x)) = w(x) -\- naX = bn -\- naX = n/r. 

Therefore (l/r)Z C w{/M\l/p]). Since we can define an F-valuation w' on M[l/p] 
such that w'{Ni[l/p\) = (l/r)Z, by the second half of Proposition l4.3l we know that 
w{N[[l/p\) = (l/r)Z. Let tt be a generator of the maximal ideal of End(M[l/p])o, 
we have v{'k) = 1/r. As -k{M) C M, w{M) is of the form {i/r | i G Z, i > *o} 
for some zq. By replacing w with w — io/r, we can assume that io = 0 and hence 
M = M[l/p]'"^° for some w. □ 

Proof of Theorem El Let A = s/r be the reduced form and m be the multiplicity 
of M[l/p], that is, m = dimB(fe)(M[l/p])/r. Let $o = T^p~^ G D and choose 
(j) = such that wa( 4’) = 1/r. The element <i> is unique up to multiplication by 
an integral power of 4)o. 
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Suppose the statement (b) is true, we show that there exist a W (fc)-basis of M 
of the form T = (^^Xj)o<i<r,i<j<Tn such that each xj G M satisfies the equation 
<i>o(a^i) = Xj. Indeed, \e% M = {x G M \ $o(a;) = x}. As iCA(d>o) = 0 and $o 
preserves M by (b), we know that M = M (8)iv(Fpr) W{k). As : M —>• M is 
multiplication by p, the quotient M/^{M) is a Fpr-vector space of dimension m. 
By taking {xi,X 2 , ■ ■ ■ ,Xm} G M so that {a;i, 2 ; 2 , • ■ ■ ,Xm} is basis of M/$(M), then 
the projection of the set {$*(a;i), <i)*(a; 2 ), ■ ■ ■, ‘h*(a;m)} is a basis of $*(M)/<i)*+^(M). 
Therefore T is a basis of M and thus a basis of M. 

We prove (b) => (a). Let T be as above. Let Mj = for 1 < j < to and 

= (Mj.if). Then there is a decomposition of M = Mi © M 2 © • • • © Mm such 
that Ml = M 2 = • ■ • = Mm- It suffices to show that Mi is minimal by Proposition 
13.61 Define an A-valuation w of slope A on Mi[l/p] as follows: 

ai$*(a;i)) = mini{ordp(ai) -Gi/r}. 

i 

Hence Mi = Mi[l/p]“’-°. By Lemma [T6l Mi is minimal. 

We prove (a) (c). Let M = Mi © M 2 © • • • © Mm be a decomposition of 

minimal isosimple A-crystals. By Lemma 14.61 for each 1 < j < to, there exists Wi 
such that Mi = Mi[I/p]’"‘-°. Define an A-valuation w of slope X on M such that 
w{x) = mini{wi{a;i) | Xi is the projection of x to Mi}. Hence M = M[I/p]“'-°. 

We prove (c) => (b). Let 4) = ^ ® w\{^) > 0. Then 

ordp(ai) + iA > 0 for all i. For any x G M, that is, w{x) > 0, we want to show that 
ic($(a;)) > 0. As w{aip'‘{x)) = ordp(oi) + zA + w{x) > 0, we have w(<i)(a;)) >0. □ 

The next proposition is proved in the case of Dieudonne modules in |I51 Lemma 
4.2]. 

Proposition 4.7. Let {M,ip) be an F-crystal. There exist two special minimal 
F-crystals: 

(1) The minimal minimal F-crystal (M_|_,(^) inside {M[\/p], ip[l/p\) containing 
{M,(p), i.e. for every minimal F-crystal {M',ip) inside [M[l/p], ip[l/p\) con¬ 
taining {M,ip), we have {M+,Lp) C {M',ip). 

(2) The maximal minimal F-crystal {M-,ip) inside (M[l/p],(^[1/p]) contained in 
{M,ip), i.e. for every minimal F-crystal {M',ip) inside {M[l/p], (p[\/p\) con¬ 
tained in {M,ip), we have {M',ip) C {M-,ip). 

Proof. This is a generalization of [SI Proposition 5.19] and we use the same strategy 
to prove this proposition. 

We first prove the proposition in the isoclinic case. Suppose {M, ip) is isoclinic, 
there exists a smallest A-valuation w of slope A such that w{M) > 0 by Proposition 
14.41 Let M+ = A/[l/p]’"-°. By Theorem 14.51 any other minimal F-crystal {M',ip) 
inside {M\l/p]^ip[l/p]) containing {M,(p) is of the form M[l/p]'^ such that w < 
w'. Thus {M+,(p) C {M',(p). This completes the proof of Part (I) in the isoclinic 
case. 

Now we prove the general case of Part (I). Let (M[l/p],(p[l/p]) = 0-^i(A^i, p) 
where each {Ni,ip) is isoclinic of Xi such that Xi Xj \i i ^ j. Let Mi be the 
image of M in Ni. We claim that (M+,(p) = 0*^^((Mi)+, </?). Since (M, </?) C 
0*^i(Mi,(p), we know that (M, </?) C 0i=i((Mi)+, (/?). Each minimal F-crystal 
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containing (M,ip) is a direct sum where each M- contains 

Mi. Thus {{M,)+,if) C {M'i,if) and (M+,v?) = 

To prove the existence of the maximal minimal T’-crystal containing [M, Lp) in the 
isoclinic case, we use duality. Recall that for any F-crystal M = (M, ip) we denote 
by M* = (M*, ip*) its dual where M* = Homw(/c) (M, W (k)) and p*{f) = aofop~^ 
for / G Homvy(fe) (M, W(k)). Note that M* in general is only a latticed F-isocrystal 
and is not an f-crystal unless all Hodge slopes of M are zero. 

Let Br be the maximal Hodge slope of M. Then we know that {M*,p‘^''p*) 
is an F-crystal. Let be the minimal minimal f-crystal contain¬ 
ing (/?*), then (((M*)+)*, </?) is an F-crystal contained in {M,p) and it is 

minimal because its isomorphism number equals to the isomorphism number of 
m*) + We claim that , p) is the maximal minimal f-crystal 

contained in {M,p). If not, then there is a minimal F-crystal {M',p) such that 
(((M*)+)*, (/?) C (M',p) C {M,p). By taking duals, we have {M*,p^^p*) C 
\m'*, p^^p*) C and this is a contradiction! Hence (((M*)+)*, (/?) = 

{M-,p). This completes the proof of Part (2). □ 

For any finitely generated torsion W (A:)-module M, we say that m is the p- 
exponent if m is the smallest non-negative integer such that p^M = 0. The follow¬ 
ing lemma is a generalization of B Lemma 5.22]. We will use the same strategy to 
prove it. 

Lemma 4.8. Let{M,p) be an F-crystal. The following three W{k)-module Mj^/M-, 
M/M_, have the same p-exponents. 

Proof. Ifp™ annihilates M+/M, thenp'"M+ C M. Since p) is minimal, we 

know that p'^M+ C M_ and thus p™ annihilates M+/M_. Hence the p-exponent 
of M+/M and are the same. 

If p"* annihilates M/M_, then p™M C M_. Since (p“™M_,(p) is minimal, we 
know that M+ C p~™M- and thus p™ annihilates M+/M_. Hence the p-exponent 
of M/M- and M+/M_ are the same. □ 

5. Minimal heights 

Let M and M' be two isogenous non-ordinary F-crystals that are not necessarily 
isoclinic. Let q — be the smallest non-negative integer such that p^ annihi¬ 

lates M/M' for some isogeny M' ^ M. It is easy to check that qm 'm = 9m m'- See 
m Proposition 1.4.4] for a version of Dieudonne modules, it essentially suggests 
the proof the following proposition. 

Proposition 5.1. Let M and M' he two isogenous non-ordinary F-crystals that 
are not necessarily isoclinic. We have the following inequality: 

njA < njA' + 2 (; m ', m - 

Proof. To ease notation, let q — 9 m',m- Let Om and Om' be the level modules of 
M and M' respectively. As p^M C M' C M, we have p^'3End(M) C p^End(M') C 
End(M). We want to show that p^Om' C Om- For i G Z>o, we have 

(p*(p«0+,) C p«0+, C p«End(M') n L+ C End(M) n L+, 

thus p’O]^, C O/^. Similarly, p^O^, C O^ and p'^O^, C O^. Hence p'^Om' C 
Om- Then 

p29-e^M'End(M) C p«+^«'End(M') C p'^Om' C Om C End(M). 


14 


X. XIAO 


Thus < ^M' + 2g. As riM = £m and riM' = by [Ml Theorem 1.2], we 
conclude the proof of the proposition. □ 

Definition 5.2. Let M' be the minimal F-crystal isogenous to M. We call qM '■= 
qM',M the minimal height of M. 

Corollary 5.3. For any F-crystal M, we have um. < 1 + ‘2qM- 

Proof. If M is ordinary, then um < 1 and thus um < 1 + ‘2qM is always true. If M 
is non-ordinary, then the corollary follows from Proposition 15.II and the inequality 

nM' <1- n 

Corollary ESI suggests a method to estimate um via qm- On the other hand, the 
estimate of Corollary 15.31 is optimal in the sense that there exists an F-crystal M 
such that njvt = 1 + When M is minimal with at least two distinct Hodge 

slopes, we will have tzm = 1-1- 2qM = 1. But on the other hand there also exists 
F-crystal M such that < 1 + 2qM- See m Example 4.7.1] for an example in 
the case of Dieudonne modules. 


6. Estimates 

From now on, we assume that M = (M, (p) is an isosimple F-crystal. In order 
to compute qM., it is enough to compute the p-exponent of M+/M_ by Lemma 
14.81 Let A = s/r be the Newton slope of M in the reduced form, we know that 
{M[l/p\,(p[l/p]) = K\ (8)_B(Fpr) B{k). To define an F-valuation on (M[l/p], (p[l/p]) 
of slope A, we want to have a unique way to express elements in M[l/p\. 

Lemma 6.1. Let T C W{k) be the image of the Teichmuller lift t : k ^ W{k). 
Any element x G K\ B(k) can be uniquely expressed in the form 

CO 

X = ^ Xj, 

i^n 

with Xi €T for all i > n where n G Z depends on x. The leading coefficient Xn f 0 
when X 0. 

Proof. We first prove the lemma for simple tensors. Let x = ® ^ be 

a simple tensor in K\ ®B{¥pr) B{k) where b G B{k) and Oi G i3(Fpr). We have 
X = ® fe) = Si=o (■?* ® bet bi := aib for all 0 < f < r — 1, we have 

X = X]i=o (C* ® For each i, we know that bi = 'fZ’jLm where Cij G T and 

since p = , we have C = C ‘Si = S^rii S Cij). Therefore 

r— 1 oo 

i—l j—Tii 

For any 0 < F < r — 1, we have ii jr Z + j'r for any j,j' G Z. Hence 
no two (g) Cij in the above expression share the same power of f. Therefore we 

get the desired form for x where n = mino<i<r--i{f + nir}. 

Any element of K\ S>B{¥pr) B{k) is a finite sum of simple tensors. Suppose 
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Let n = Then 

a; = ^ (f (8) I 

i^n \ j i^n 

where yi := necessarily in T as t is not additive. Let i/„ = 

I]/>o where Ci,„ e T. Then 

X = C ® Co,n + ^ r ® y'i, 

2 >n+l 

where y[ are not necessarily in T just as above. Repeat this process until infinity 
so we will get 

X = ^ ® Xi- 

i^n 

Suppose X = J2i>n C ^ = J2i>n' ® a;-. We want to show that n = n' and 

Xi = a:' for all i. Using the fact that = p, we have 

j—0 \ i=j mod r j i=0 \ i=j mod r 

As the set ^ l}o<j<r—i is a basis of Kx ®B{¥pr) B{k), we have 

Y = Y x'iP^-^ 

i=j mod r i=j mod r 

for all 0 < J < r — 1. As such expression is unique in B{k), we get that n = n' and 
Xi = a:' for all i > n. □ 

Lemma [6T] allows us to define an U-valuation w of slope A on {M[l/p], ^p[l/p\). 
For any x = ® xt £ M[l/p], where Xn ^ 0, define w(x) = n/r] if Xn = 0, 

that is, a; = 0, define w(x) = cxd. Clearly it is a valuation. We check that it is an 
F-valuation of slope A. The Frobenius automorphism p acts on K\ (8 b(f r) B{k) 
as multiplication on the left by in the first coordinate and a in the second 
coordinate, hence if w(x) = n/r, then w{px) = (n + s)/r = w{x) + A. 

As w{M[l/p\) = (l/r)Z and w{M) is bounded from below, let no/r be the 
smallest element in w{M). Rescale w by making the translation of nojr, then w is 
the smallest F-valuation of slope A such that w{M) > 0 and thus M_|_ = M[l/p]“-°. 
To ease notation, we still use w to denote the F-valuation after the rescaling. 

By Theorem 14.51 and Proposition 031 we know that M_ = where a 

is the smallest element such that AL[l/p]'^-“ C M. As a := ma/r G (l/r)Z, we 
can also write M_ = 

Since gm is the smallest element such that p'^^ M+ C M_, we know that = 
[a] or equivalently qm = [a — 1/rJ + 1. Thus to find qM, it is enough to find a 
good estimate (upper bound) of a or equivalently a good estimate of TOq . We prove 
a lemma that allows us to estimate m. 

Lemma 6.2. Let mi be an integer that satisfies the following property: for any 
integer m 2 > mi, there exists some element x G M such that w{x) = m 2 /r. Then 
for any y G M[l/p] with w{y) > mijr, we have y G M. 
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Proof. Let 2 /€ M[l/p] be such that ii;(?/) = ma/r > TOi/r. Write y = 

By the condition of the lemma, we know that there exists z G M with w(z) = ra-ijr. 
If z = 'E’ZmaC ® Zi, then w{y - zz~lym 3 ) > ms + 1. Note that z~lym 3 G 
W{k). Now repeat this process, we can write y as an series of elements in M with 
coefficients in W(k), hence y G M. □ 

Corollary 6.3. The smallest mi satisfying the property in the Lemma \6.S\ is equal 
to m^. 

Proof. This is by Lemma 16.21 and the definition of ma • D 


The following three operations map M to itself. 

(1) The Frobenius map tp. 

(2) The Verschiebung map d, that is, the unique cr“^-linear map such that 
(p-d = 'dp = p® where e is the largest Hodge slope. 

(3) Multiplication by p. 

For any nonzero x = J2i>n C ^ ^ M[l/p] with ^ 0, we have 

(1) w{px) = w{x) + A = (n + s)/r, 

(2) w{'dx) = w{x) + e — X = {n +re — s)/r. 

(3) w{px) = w{x) + 1 = (n + r)/r. 

As w is the minimum F"-valuation such that w{M) > 0, there exists an element 
y G M such that w{y) = 0. By applying the three operations mentioned above, we 
see that for any n that is a linear combination of s, re — s and r with coefficients 
in Z>o, there exists an a; G M such that w{x) = n/r. By Lemma 16.21 we know 
that ma < gis,re — s,r) + 1 where g{s,re — s,r) is the Frobenius number of 
s,re — s and r, that is, it is the largest positive integer that cannot be expressed 
as a linear combination of s,re — s and r with coefficients in Z>o. It exists as 
gcd(s, re — s,r) = 1. 

Curtis [3] showed that in some sense, a search for a simple closed formula of 
the Frobenius number of three or more natural numbers is impossible. There are 
many algorithms to find the Frobenius numbers of three or more natural numbers, 
for example see [4]. But our case is in a special situation and a closed formula for 
g{s, re — s, r) can be found using the following theorem of Brauer and Shockley [2]. 

Theorem 6.4. Let x, y and z be three pairvjise coprime positive integers. Ify + z = 
0 modulo X, then the Frobenius number of x, y and z is 

g{x,y,z) = max{[—— \y, [— —\z} - x. 

y+z y+z 

We are now ready to prove Theorem II.31 


Proof of Theorem \1.S\ By the previous discussion, we know that 
Since a = majr and TOq, < g{s,re — s,r) + 1, we have 


9m S 


^ ^ g{s,re-s,r) ^ ^ 


By Corollary 15.31 we have 


(*) 


riM S 


„ . gis, re — s.r) , 

< 2<7m + 1 < + 3. 


[a-I/rJ+1. 
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By Theorem 16.41 let x = r, y = s and z = re — s, we get 

g{s, re — s,r) = max{ I - Is, I -J (re — s)} — r. 

e e 

Plug this into (*), we get the desired upper bound which proves Theorem II.31 


□ 


We compare our new upper bound with some other upper bounds in and 

[l4] in the following examples. 


Remark 6.5. The upper bound of Theorem II.31 can be restated using A as 


riM < 2max{ (r — 


Lfj(e-A)J} + l. 


Example 6.6. Let 0,1,3 be the Hodge slopes of an isosimple F-crystal M. The 
Newton slope is 4/3. From [T31 Theorem 1.2], we get that riM < L3 + (2 —1)|J =4. 
By Theorem 11.31 we get a slightly better upper bound njvc < 3. 


Example 6.7. Let M be an isosimple Dieudonne module. We have s = d, re — 
s = c, and r = c + d where d and c are the dimension and codimension of M 
respectively. Therefore g{s, re — s,r) = g{d, c) = cd — c — d. By Theorem 11.31 we 
have riM < 2\_cd/{c + d)\ + 1. This is almost as good as the optimal estimate which 
is [2cd/(c + d)J; see O Theorem 1.3] and [TS] Corollary 3.5]. The two estimates 
are equal if cd/(c + d) — [cd/(c + d)J > 1/2. 

Example 6.8. Let M be an isosimple F-crystal of rank 2. Then its Hodge slopes 
are 0,e where e is an odd positive integer (otherwise {M,ip) is not isosimple). 
Theorem 11.31 predicts that um < e. This is optimal according to [TU Theorem 6.1]. 


Acknowledgement 

The author would like to thank Adrian Vasiu for several suggestions during the 
preparation of this manuscript. 


References 

1. J.L. Ramirez Alfonsin, The Frobenius number via Hilbert series, unpublished manuscript, 
2002. 

2. Alfred Brauer and James E. Shockley, On a problem of Frobenius., J. Reine Angew. Math. 
211 (1962), 215-220. 

3. Frank Curtis, On formulas for the Frobenius number of a numerical semigroup, Math. Scand. 
67 (1990), 190-192. 

4. Graham Denham, Short generating functions for some semigroup algebras, Electron. J. Comb. 
10 (2003), 7pp, R36. 

5. David Goss, Basic Structure of Function Field Arithmetic, Springer-Verlag Berlin Heidelberg, 
1998. 

6. Eike Lau, Marc-Hubert Nicole, and Adrian Vasiu, Stratifications of Newton polygon strata 
and Traversa’s conjectures for p-divisible groups, Ann. of Math. 178 (2013), no. 3, 789—834. 

7. Franz Oort, Minimal p-divisible groups, Ann. of Math. (2) 161 (2005), no. 2, 1021-1036. 

8. Irving Reiner, Maximal Orders, London Mathematical Society Monographs, vol. 28, Oxford 
University Press, 2003. 

9. Adrian Vasiu, Crystalline boundedness principle, Ann. Sci. Ec. Norm. Sup. (4) 39 (2006), 
no. 2, 245-300. 

10. _, Mod p classification of Shimura F-crystals, Math. Nachr. 283 (2010), no. 8, 1068- 

1113. 

11. _, Reconstructing p-divisible groups from their truncations of small level, Comment. 

Math. Helv. 85 (2010), no. 1, 165-202. 







18 


X. XIAO 


12. Eva Viehmann, Truncations of level 1 of elements in the loop group of a reductive group, 
Ann. of Math. 179 (2014), no. 3, 1009-1040. 

13. Xiao Xiao, Computing isomorphism numbers of F-crystals using level torsions, J. Number 
Theory 132 (2012), no. 12, 2817-2835. 

14. _, Subtle invariants of F-crystals, J. Ramanujan Math. Soc. 29 (2014), no. 4, 413-458. 

15. Chia-Fu Yu, On finiteness of endomorphism rings of abelian varieties. Math. Res. Letters 17 
(2010), no. 2, 357-370. 

Mathematics Department, Utica College, 1600 Burrstone Road, Utica, NY 13502 



